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A fully nonlinear aeroelastic formulation of the direct Eulerian–Lagrangian computational scheme is presented in

which both structural and aerodynamic nonlinearities are treated without approximations. The method is direct in

the sense that the calculations are done at the finite element level, both in the fluid and structural domains, and the

fluid–structure system is time-marched as a single dynamic system using a multistage Runge–Kutta scheme. The

exact nonlinear boundary condition at the fluid–structure boundary is satisfied based on the actual deformation of

the wing. The generalized forces associated with the in-plane and out-of-plane degrees of freedom are calculated in

localLagrangian element coordinate systems that fully account for large rigid-body translations and rotations. Finite

rotation relations are used to update the nodal deformation vectors at the end of each time step. Numerical results are

presented for several nonlinear static and dynamic examples for which published results are available. Results of

aeroelastic calculations using the new nonlinear model demonstrate the importance of including the nonlinear

stiffening arising from the in-plane strains when calculating limit-cycle-oscillation amplitudes of wings of low-to-

moderate aspect ratios and the limitations of the von Kármán nonlinear plate model in these cases.

Nomenclature

Ai = triangular area coordinates, i� 1,2,3
cr = wing root chord
E = Young’s modulus of elasticity
Etot = total energy of the structure, T �U
e = total energy (fluid)
G = shear modulus of elasticity
h = plate thickness
k = shear correction factor
M = Mach number
n = rotation vector
nd = deformed nodal vector
p = pressure
q = generalized coordinate vector
T = kinetic energy
t = time
U = strain energy
U = mesh velocity vector with components Ui
u, v, w = plate displacements in the x, y, and z directions
u = fluid velocity vector with components ui
� = angle of attack
�x, �y = rotations of normals in the x–z and y–z planes,

respectively
� = ratio of specific heats
f�g = shear strains
f"mg = membrane strains
f"ng = nonlinear strains
f�g = plate element curvatures
� = sweep angle
� = taper ratio

� = Poisson’s ratio
� = density
� = nondimensional time, !1Tt=2	
! = circular frequency
!1T = frequency of first torsion mode in vacuum

Superscripts

G = global (Eulerian) coordinate system
L = local (Lagrangian) coordinate system

I. Introduction

A DVANCES in computational aeroelasticity over the past
25 years have made it possible to study a number of inherently

nonlinear aeroelastic problems, such as transonic flutter of wings and
panels, in which aerodynamic and/or structural nonlinearities result
in limit-cycle flutter or limit-cycle oscillations (LCO) [1–9]. Until
recently, most computational studies have emphasized the
aerodynamic nonlinearities for two reasons. First, if a computational
fluid dynamics (CFD)-based time-marching flutter calculation is
necessary, the nonlinear version of the aerodynamic code represents
the natural implementation, and no significant increase in speed or
decrease in implementation complexity is achieved by linearizing the
code. Second, the use of a linear structural model greatly simplifies
the calculations, because the well-established modal methods from
structural dynamics can still be used, either in a finite element (FE) or
in a Rayleigh–Ritz setting.

Although linear structural models may yield reasonable results
near the linear flutter boundary, they cannot be expected to give
reliable results for the limit-cycle amplitudes at dynamic pressures
significantly past the flutter boundary. In the transonic panel flutter
problem, for example, the stiffening effect from the in-plane strains
grows rapidly with increasing panel flutter amplitude, as calculated
by the von Kármán theory, and the limit-cycle amplitude is reached
very quickly [3]. In all the transonic cases studied in [3], no
corresponding flutter solutions could be obtained using a linear
structural model (nonphysical divergence occurred).

Many of the emerging problems in aeroelasticity involve very
flexible structures, such as highly optimized unmanned aerial
vehicles (UAVs) and high-altitude long-endurance (HALE)-type
aircraft. The Helios aircraft built by AeroVironment and operated by
NASA is a good example, in which wing tip deformations during
steady flight were in the range of 10–20 ft, with dynamic excursions
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beyond 20 ft.‡ Linear structural codes cannot be expected to give
reliable aeroelastic results for these types of aircraft.

The von Kármán nonlinear plate model has been used in some
recent studies of limit-cycle flutter of low-aspect-ratio wings [5,7],
with mixed success. Our results indicate that it is a poor candidate for
a general-purpose nonlinear aeroelastic code, because of its
relatively limited range of validity and high sensitivity to the in-plane
boundary conditions. For plates with all edges fixed or simply
supported, as in a panel flutter calculation, for example, the von
Kármán model performs reasonably well. But in the case of a
cantilever low-aspect-ratio swept wing, it greatly overestimates the
stiffening effect from in-plane strains, leading to a significant
underestimation of the LCO amplitudes. This excess stiffness is
clearly evident in experiment-theory comparisons of LCO
amplitudes of flat-plate delta wings carried out in [5,7].

Furthermore, in a time-marching computational setting, the von
Kármán platemodel and similar 1-Dbeammodels have a tendency to
lock up and prevent convergence to the correct solution.

In this paper, a fully nonlinear formulation of the direct Eulerian–
Lagrangian computational scheme [10] is presented, as shown in
Fig. 1, in which both structural and aerodynamic nonlinearities are
treated without approximations. The method is “direct” in the sense
that the calculations are done at the finite element level, both in the
fluid and structural domains, and the fluid–structure system is time-
marched as a single dynamic system using amultistage Runge–Kutta
scheme. Furthermore, the generalized forces associated with the in-
plane and out-of-plane degrees of freedom are calculated in a local
Lagrangian (element) coordinate system that fully accounts for large
rigid-body translations and rotations. The exact nonlinear boundary
condition at the fluid–structure boundary is satisfied using the actual
deformation of the wing, as defined by the finite element shape
functions and the local element coordinates. Although this type of
implementation is more difficult than a loosely coupled scheme that
lacks strict synchronization and is typically based on classical fluid–
structure coupling at a “virtual surface” introduced for interpolation
purposes, it is essential for obtaining the correct energy exchange
between the fluid and the structure. This is an important numerical
consideration in aeroelastic stability calculations.

II. Theoretical Formulation

A. Nonlinear Structural Model

In this study, the linearmodel previously used in [4,11] ismodified
to account for large deformations and to include additional degrees of
freedom to model the in-plane motion of the wing. This model is
based on a specific type of aeroelastic wing construction that has
been used extensively in wind-tunnel tests. The structural part of the
model is a thin,flat, aluminum-alloy plate of the sameplanform as the

wing and covered by balsa wood or lightweight foam to form a
smooth airfoil of the desired shape.

The approach used in developing the new structural finite element
model is best described as mixed Eulerian–Lagrangian, because it
uses several element-attached Lagrangian coordinate systems to
describe the arbitrarily large plate response with respect to a fixed
Eulerian global system. Figure 2 shows a typical triangular structural
finite element in its deformed configuration. The x–y–z coordinate
system is the fixed Eulerian coordinate system with respect to which
the response of the wing structure is expressed, and the x0–y0–z0

system is an element-attached local coordinate system. It is
Lagrangian in the sense that it moves with the corresponding
element.

At any time step, the three nodes of a triangle form a plane in the
global coordinate system. The z0 axis can be defined with respect to
this plane by taking the cross product of the two vectors defined by
the triangle edges 1–2 and 1–3. The orientations of the x0 and y0 axes
are arbitrary, and any convenient set may be chosen as long as it is
consistent. In this study, the x0 axis is aligned along nodes 1 and 2 of
the triangular elements. Once the orientations of the z0 and x0 axes
have been fixed, the remaining y0 axis orientation is determined such
that a right-handed coordinate system is formed. Any vector
(displacements, forces, etc.) can be expressed in either the local
element coordinates or the global system coordinates, and the two
representations are related through the orthogonal transformation:

q L � �e�qG (1)

Fig. 1 The direct Eulerian–Lagrangian computational approach to fluid–structure interaction problems.

Fig. 2 Eulerian and Lagrangian coordinate systems.

‡The Helios aircraft was destroyed in a flight mishap in June 2003. The
instability that caused the structural breakup of the aircraft appears to have
involved nonlinear aero–structural–control interactions.
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�e� �
�ex0 �1 �ex0 �2 �ex0 �3
�ey0 �1 �ey0 �2 �ey0 �3
�ez0 �1 �ez0 �2 �ez0 �3

2
4

3
5 (2)

In Eqs. (1) and (2), qL and qG are vectors expressed in the local and
global coordinate systems, respectively, and �ex0 �i, �ey0 �i, and �ez0 �i
(i� 1, 2, 3) are the components of the local coordinate system unit
vectors expressed in the global coordinate system. They are also the
direction cosines between the corresponding coordinate axes.

The nonlinear structural model employs three basicfinite elements
to model the in-plane, out-of-plane, and nonlinear behaviors, as
shown in Fig. 3. First, a discrete shear triangle (DST) is used tomodel
the out-of-plane bending and the transverse shear behavior. This
element is based on the formulation in [12] and is extended to
dynamics problems in [13]. It is free of shear locking, has the proper
rank, and converges to the discrete Kirchhoff triangular element
when the shear deformations become negligible. To obtain an
element free of shear locking, the equilibrium equations are used to
solve for the transverse shear strains, with the help of the constitutive
equations.

Second, a constant strain triangle (CST) is used to model the in-
plane behavior. The in-plane shape functions are used together with
the corresponding shape functions of the DST to create the stress-
stiffening matrix in local element coordinates.

Third, a stress-stiffening matrix provides the in-plane and out-of
plane coupling effects. It is based on the von Kármán plate theory,
which assumes that the nonlinear strain components arising from the
in-plane displacement gradients are small compared with the
corresponding terms arising from the transverse displacement
gradients and may therefore be neglected. Although this results in an
“incomplete set” of Green–Lagrange strains that cannot model
arbitrary large deformations, it is not an issue here, because the
deformations relative to the local Lagrangian element coordinate
system are always small. It should be emphasized that the von
Kármán theory would not result in a satisfactory stress-stiffening
matrix with respect to the global coordinates (see the comparative
results in Sec. III). To obtain unique and symmetric stress-stiffening
matrices, we follow the derivations by Rajasekaran andMurray [14].

The total strain energy of an element can be expressed as a sum of
the component strain energies, as follows:

Ue
total �Um �Ub �Us �UN1 �UN2 (3)

Um �
1

2

Z
A

b"mc�Dm�f"mg dA (4a)

Ub �
1

2

Z
A

b�c�Db�f�g dA (4b)

Us �
1

2

Z
A

b�c�Ds�f�g dA (4c)

UN1 �
Z
A

b"mc�Dm�f"ng dA (4d)

UN2 �
Z
A

b"nc�Dm�f"ng dA (4e)

where

�D� � E

1 � �2
1 � 0

� 1 0

0 0 1��
2

2
4

3
5 (5a)

�Dm� � h�D�; �Db� �
h3

12
�D� (5b)

�Ds� � khG
1 0

0 1

� �
(5c)

and k is the shear correction factor (5
6
for isotropic plates). In Eqs. (4),

Um, Ub, and Us are the quadratic-order strain energies representing
the membrane stretching (CST), out-of-plane bending, and shear
(DST), respectively. The cubic-order strain energy UN1 [Eq. (4d)]
represents the nonlinear coupling of the in-plane and out-of-plane
motions, and the quartic-order strain energy UN2 [Eq. (4e)]
represents the nonlinear coupling effect of slope due to large
deflections. The strains and curvatures are related to the element
displacements as follows:

b"mc �
�
@u0

@x0
@v0

@y0
@v0

@x0 � @u0

@y0

�
(6a)

b�c �
�
@w0

@x0 � �x0 @w0

@y0 � �y0
�

(6b)

b"nc �
�

1
2
�2
x0

1
2
�2
y0 �x0�y0

�
(6c)

b�c �
�
@�x0
@x0

@�y0

@y0
@�x0
@y0 �

@�y0

@x0

�
(6d)

where

u0 � u00�x0; y0; t� � z0�x0 �x0; y0; t� (7a)

v0 � v00�x0; y0; t� � z0�y0 �x0; y0; t� (7b)

Fig. 3 Components of the nonlinear finite element.
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w0 �w0�x0; y0; t� (7c)

are the displacement of themiddle surface of the plate, and�x0 and�y0
are the rotation fields. The stiffness matrix for the DST element is
based on quadratic interpolation of the rotation fields (see [12,15]).
The stiffness matrix for the CST element is based on linear
interpolation functions.

The complete element stiffness matrix of the nonlinear model can
be obtained from the principle of stationary potential energy using
the strain energy relations (4a–4e). To calculate the nonlinear
coupling partition, the values of the nodal degrees of freedom are
required at the current time step (discussed later). The structure of the
element stiffness matrix is shown in Fig. 4.

By setting up the local coordinate systems using the triangle
vertices as shown in Fig. 2, the number of nonzero nodal degrees of
freedom can be minimized. Figure 5 shows the in-plane
deformations and the out-of-plane rotations of the plate normals in
the x0 and y0 directions. Note that this particular choice of the local
coordinate system automatically eliminates the local out-of-plane
deformations at each node (i.e., w01 � w02 � w03 � 0).

The element in-plane deformationsu02,u
0
3, and v

0
3 can be calculated

by comparing the deformed element to its undeformed state and by
determining the amount it stretches (see Fig. 5).

Similarly, the element rotational deformations can be determined
by comparing the deformed and undeformed unit vectors at the
element nodes. The undeformed nodal vectors are normal to the
plane formed by the triangle nodes at all times, and they coincide
with the local z0 axes. The deformed unit vectors are updated at each
time step by the incremental rotations in the global x and y directions
using the finite rotation relation

nt
n�1
d � cos��
�ntnd � �1 � cos��
���n � ntnd �n
� sin��
��n 	 ntnd � (8a)

�
�
����������������������������������������������������������
���x�2 � ���y�2 � ���z�2

q
(8b)

n � ����yi���xj���zk�=�
 (8c)

where �
 is the magnitude of the rotation; n is the normalized

rotation vector; and nt
n

d and nt
n�1
d are the deformed unit vectors at

time steps tn and tn�1, respectively, expressed in the global
coordinate system.

Although the incremental rotations at each step can be
approximated as infinitesimal rotations, the use of finite rotation
expressions was found to be more accurate, at a minimal increase in
computational cost. By determining the amount of rotation that the
undeformed vector must undergo to coincide with the corresponding
deformed vector, local rotational deformations can be calculated in
terms of the deformed unit vector �ntnd �L expressed in local
coordinates at the beginning of each time step tn:

�x0 � �nt
n

d �Lx
cos�1��ntnd �Lz ��������������������������������������������

��ntnd �Lx �2 � ��nt
n

d �Ly �2
q (9a)

�y0 � �nt
n

d �Ly
cos�1��ntnd �Lz ��������������������������������������������

��ntnd �Lx �2 � ��nt
n

d �Ly �2
q (9b)

The approach is similar to a procedure described in [16].

B. Nonlinear Aerodynamic Model

The aerodynamic model used in the present study is based on a
Galerkin finite element discretization of the classical Euler equations
for a perfect gas, using the weak or integral form of the conservation
laws:

@

@t

Z
�

W dV �
Z
@�

F � n ds� 0 (10)

where � is an element volume with boundary @� moving with
velocityU, n� niei is the outward unit normal to @�, ei are the unit
vectors in the xi directions, and

W �

�
�u1
�u2
�u3
�e

2
66664

3
77775; Fj �

��uj � Uj�
�u1�uj � Uj� � �1j
�u2�uj � Uj� � �2j
�u3�uj � Uj� � �3j
�e�uj � Uj� � �ijui

2
66664

3
77775 (11)

where � is the density, u is the material velocity, e is the total energy
per unit mass, �ij is the Cartesian stress tensor, andF� Fjej. In the
present inviscid (Euler) flowmodel, �ij ��p�ij, and the equation of
state can be used to eliminate the pressure:

p� ��� � 1��e � 1
2
uiui� (12)

The vectorW of unknowns is approximated as

W �x1; x2; x3; t� �
X
j

Wj�t�’j�x1; x2; x3; t� (13)

where Wj are the nodal values of W , and ’j are the linear shape
functions. The finite element discretization is carried out by
substituting Eq. (13) into the Galerkin form of Eq. (10) and applying
the divergence theorem. The integrals are evaluated numerically
using Gaussian integration, and the space-discretized nodal
equations for the fluid domain become

d

dt

X
j

mijWj �Qi �Di � 0 (14)

where the summation on j extends over all nodes in the
superelement, or control volume, associated with node i (i.e., the
union of all elements that meet at node i);mij is the consistent mass
matrix; Qi is the flux vector; and the dissipative fluxesDj are of the
Jameson–Mavriplis type (see [17]).

A four-stage Runge–Kutta scheme is used to integrate the space-
discretized system of nonlinear equations forward in time. To save
computational time, the dissipative terms are evaluated only during
the first two stages. Time accuracy is maintained by ensuring that the

Fig. 4 Partitions of element stiffness matrix.

Fig. 5 Local in-plane and out-of-plane deformations.
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fluid and structural finite element equations are time-marched
simultaneously, within the same multistage Runge–Kutta execution
loop. The numerical calculations start from the converged steady
aeroelastic solution for the wing. A suitable initial velocity is then
imparted to themodel in bending or torsion, and the timemarching is
initiated.

C. Fluid–Structure Coupling

An important issue thatmust be addressedwhen coupling arbitrary
CFD codes to finite element structural codes is the problem of
compatibility or conformity at the fluid–structure boundary. Unless
the required compatibility conditions are satisfied, coupling errors of
unknown magnitude are introduced, which may seriously degrade
the accuracy of the aeroelastic code [17]. In the direct Eulerian–
Lagrangian scheme, both kinematic (tangent flow) and kinetic (force
equilibrium) boundary conditions are imposed at the boundary.

The kinematic boundary condition of tangent flow can be stated in
the form

@B

@t
� u � rB 
 DB

Dt
� 0 (15)

where u is the fluid velocity at the boundary and the preceding
equation is satisfied at the instantaneous wing surface boundary,
defined by B�x; y; z; t� � 0. To describe the instantaneous locus of
the wing surface accurately, an element-based approach compatible
with the large-deformation formulation is used. The deformation of
the wing surface is calculated using the values of the element nodal
coordinates, and the displacement field is interpolated within each
structural element using the corresponding FE shape functions. The
corresponding surface velocity components at any point are obtained
in a similar manner by using both the generalized displacements and
the corresponding generalized velocities. Figures 6 and 7 illustrate
this approach in 2-D and 3-D, respectively. Once the wing surface
mesh nodes have been updated, a Jacobi iterative procedure based on
a spring analogy is used to determine the locations of the remaining
mesh nodes in the computational domain. Usually, three iterations
suffice for acceptable convergence.

The spring analogy has certain limitations when used in problems
involving moderate-to-large structural deformations, because of the
tendency of certain mesh tetrahedra to suffer snap-through, resulting
in a negative cell volume and a subsequent crash of the
computational code. In the present study, the use of nonlinear springs
was found to alleviate the problem somewhat, and wing tip
deflections of the order of the wing chord can be accommodated in
the time-marching flutter solution without encountering numerical
difficulties.

The element-based approach is also employed in the consistent
aerodynamic load calculations, as shown in Fig. 8. In this approach,
force vectors are first calculated in the local element coordinate
systems using 13-point Gaussian quadrature and then transformed to
the global coordinate system for use in the time marching of the
space-discretized aeroelastic equations. The aerodynamic loads are,
in effect, modeled as follower forces, resulting in a more accurate
prediction of the aeroelastic response.

Both the dynamicmeshmotion and aerodynamic load calculations
employ an initial mapping that establishes the relation between the

structural elements and aerodynamic faces on the wing surface. In
this mapping, projections of the wing surface aerodynamic nodes on
the corresponding structural elements provide the structural area
coordinates Ai used in the dynamic mesh calculations. Similarly,
projections of theGaussian integration points onto the corresponding
aerodynamic faces provide the corresponding area coordinates that
are used in the pressure calculations. Figure 9 illustrates this
mapping.

III. Results and Discussion

A. Nonlinear Structural Model Validation

The following examples show a few of the test cases studied
during the validation of the structural model. As a first example, we
consider the vertical and horizontal deflections of a cantilevered
beam subjected to a static tip load (Fig. 10). This case was also
studied in [18] using Bernoulli–Euler-beam finite elements and a
midpoint tangent incremental solution scheme, combined with a
coordinate transformation at each step. The results of the present
calculations are based on a 2 	 10 	 2 triangular-plate mesh, in
which the beam is divided into 2 chordwise and 10 spanwise

Fig. 6 Mesh motion kinematics in 2-D.

Fig. 7 Mesh motion kinematics in 3-D.

Fig. 8 Element-based consistent aerodynamic load calculations.
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rectangular segments, each divided into two triangles along one of
the diagonals, resulting in 40 elements. The beam thickness h, width
b, and lengthL are 0.1, 1, and 10m, respectively, and a Poisson ratio
of zero is assumed. The present results are in good agreement with
those of [18], which in turnwere shown to be in good agreement with
the exact analytical beam solution in terms of elliptic integrals ([2] in
[18]). Because the beam slenderness ratio in this example is
L=r� 346:4, the effects of shear deformations should be small.

The second example is a cantilevered plate with a concentrated
load acting on one of its corners, as shown in Fig. 11. Results
obtained for this problem using 96 triangular elements (6 	 8 	 2
mesh) show good agreementwith the results published in [16], with a
4% difference in the vertical corner deflection at the maximum load
factor. It should be noted that shear deformation was not included in
the finite element used in [16].

The final example considers the dynamic response of a
cantilevered beam subjected to a uniformly distributed load (Fig. 12).
A 2 	 8 	 2 mesh (32 elements) was used in these calculations.
Comparedwith the results published in [19], the present results show
a nonlinear amplitude and period increase of approximately 9.5 and
3.7%, respectively. Five 8-node constant-stress elements were used
in [19], using a Newmark integration scheme based on a total
Lagrangian formulation. Because the rotational degrees of freedom
and shear deformations were not included, a “stiffer” dynamic
response is to be expected. Additional calculations using Euler beam
elements (not shown) resulted in amplitude and period differences
for the nonlinear response of approximately 2.9 and 2.7%,
respectively, compared with the results in [19].

B. Nonlinear Flutter Calculations

The ONERA M6 wing model (Fig. 13) has been extensively
studied in [4,11,17] using the linear DST structural model. Figure 14
compares the strong large-amplitude flutter behavior of this wing at

M� 0:84, as predicted by the linear and nonlinear structural models
for initial conditions corresponding to the first-bending-mode
velocity distribution. The flutter mode is dominated by the first
bending mode of the wing. Compared with the linear solution, there
is roughly a 25% reduction in the flutter amplitude for the fourth
flutter cycle and a reduction of about 40% in the growth of the total
wing energyEtot � T �U. This is mainly attributed to the nonlinear
stiffening effects introduced by the nonlinear structural model. In
these figures,We represents the work of the external (aerodynamic)
forces. A check of the accuracy of the direct Eulerian–Lagrangian
computations is provided by the difference Etot �We , which should
be a straight line in these calculations, because zero structural
damping was assumed. This is seen to be the case in all calculations
presented in this paper.

Figure 15 shows the nonlinear flutter behavior for initial velocity
conditions corresponding to the first torsional mode of the wing.
Strong flutter is again observed, and the dominant bending mode
emerges after only one flutter cycle. As expected, the nonlinear
structural model predicts a reduction in theflutter amplitude (35% for
the fifth cycle) as well as in the wing total energy.

Figure 16 shows the neutrally stable ONERAM6 wing response,
as predicted by the nonlinear structural model. The structural
thickness ratio required for neutral stability is slightly higher than
that predicted by the linear model (i.e., h=cr � 0:0255 vs 0.250),
whereas the flutter amplitudes are observed to be very close. Thus,
from a structural design standpoint, the structural nonlinearities have
a slightly destabilizing effect near the flutter boundary of the wing,
despite the stiffening effects contributed by these nonlinearities.

Figure 17 shows the planform of the generic fighter wing studied
in [9], which is a thin wing of relatively low aspect ratio (3.45) with a
NACA 64006 airfoil section. Calculations based on the linear and
nonlinear structural models are compared in Fig. 18. The nonlinear
model results in a significant reduction in the flutter amplitude and
energy growth rate. Calculations in [9] using a damped linear

Fig. 9 Mapping of aerodynamic faces and structural elements.

Fig. 10 Cantilevered beam with concentrated tip load.
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structure revealed LCO-type flutter at thisMach number and angle of
attack, even though the structural damping was relatively small
(g� 0:02, or 1% of critical). In the present calculations with an
undamped nonlinear structure with a plate thickness of
h=cr � 0:012, it is not clear if the solution is converging to a high-
amplitude LCO, because theflutter amplitudes continue to growuntil
the code breaks down.However, if thewing structural plate thickness

is increased slightly to h=cr � 0:0125, limit-cycle flutter is observed
(Fig. 19). These observations suggest that the addition of a small
amount of structural damping to the nonlinear model with h=cr �
0:012 would also result in limit-cycle flutter.

C. Comparisons with the von Kármán Finite Element Model

Figure 20 shows a comparison of the predictions of the von
Kármán structural model with that of the present nonlinear finite
element calculations for the case of a beam with a transverse load at
the tip (Fig. 10). Figure 20a corresponds to the load parameter range
in Fig. 10, in which the beam displacements are normalized with
respect to the length of the beamL. Because the vonKármánmodel is
valid only for displacement of the order of the plate (or beam)
thickness or less, Fig. 20b shows the corresponding displacements
normalized with respect to the beam thickness h for low values of the
load parameter. As can be seen, the agreement between the von
Kármán and the direct Eulerian–Lagrangian results is good up
through transverse displacements v=h of about 2 (3.1%error), but the
error rapidly increases as v=h increases beyond 4 (10.6% error),
reaching 29.1% at v=h� 10. For large displacements of the order of
the beam length, the von Kármán model yields results that are
unacceptable even as a first approximation (see Fig. 20a).

Fig. 11 Cantilevered plate with concentrated corner load.

Fig. 12 Dynamic response of cantilevered beam with uniformly distributed load.

Fig. 13 The ONERA M6 wing.
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Fig. 14 Flutter response of the ONERA M6 wing with velocity initial conditions in the first bending mode (h=cr � 0:018, M � 0:84, and �� 0deg)
(henceforth, axes labels LE and TE denote the leading and trailing edge, respectively).

Fig. 15 Flutter response of the ONERA M6 wing with velocity initial conditions in the first torsion mode (h=cr � 0:018,M � 0:84, and �� 0deg).
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In the aeroelastic case, the differences between the von Kármán
structural model and the present direct Eulerian–Lagrangian model
are amplified because of the sensitivity of the flutter instability to
wing deformations. Figure 21 shows a comparison of the calculated
transonic flutter behavior of the ONERA M6 wing at Mach 0.84,
using different structural models and initial conditions correspond-
ing to 0.1 times the velocity distribution of the first natural bending
mode of the wing. As can be seen, the calculation based on the von
Kármán model greatly underestimates the growth of the wing total
energy and thus completely misses the explosive nature of the
emerging flutter. In fact, the linear structural model does a better job
in this example, both qualitatively and quantitatively. Figure 22
shows a similar comparison for the same case, but with the initial
condition increased by a factor of 10. Again, the von Kármán model
predicts amplitude decay to a limit cycle, rather than rapidly growing
flutter amplitudes.

IV. Conclusions

1) The nonlinear structural model based on the direct Eulerian–
Lagrangian approach provides a computationally efficient

foundation for nonlinear aeroelastic calculations using explicit
multistage Runge–Kutta time-marching schemes.

2) Using element-level calculations in local Lagrangian reference
frames, consistent aerodynamic load vectors of the “follower force”
type can be obtained for cases involving both the effects of in-plane
and out-of-plane motions of the wing.

3) In the case of theONERAM6wing, the structural nonlinearities
have a slightly destabilizing effect near the flutter boundary at Mach
0.84, despite the stiffening effects contributed by these non-
linearities.

4) The classical nonlinear von Kármán plate theory performs well
only for problems with deformations of the order of the plate
thickness. In the case of a cantilever beam with a tip load, for
example, the error in the predicted transverse displacement v is 3%
for v=h� 2, but increases rapidly as v=h increases beyond 4 (10.6%
error), reaching 29.1% when v=h� 10.

5) In nonlinear aeroelastic analysis of wings for which moderate-
to-large translations and rotations occur, the vonKármán plate theory
greatly overestimates the nonlinear stiffening arising from the

Fig. 16 Neutrally stable ONERA M6 wing with initial conditions in the first bending mode (h=cr � 0:0255,M � 0:84, and �� 0deg).

Fig. 17 The F-wing (generic fighter wing).

Fig. 18 Comparison of calculated transonic flutter response of the F-wing as predicted using the linear vs the nonlinear structural model with velocity
initial conditions in the first bending mode (h=cr � 0:012,M � 0:90, and �� 3:0deg).

Fig. 19 Transonic limit-cycle flutter of the F-wing (h=cr � 0:0125,
M � 0:90, and �� 3:0deg).

SEBER AND BENDIKSEN 1339



coupling between the in-plane and out-of-plane deformations,
resulting in large errors in the predicted flutter amplitudes. In some
cases, small-amplitude limit-cycle flutter is predicted, whereas the
present nonlinear aeroelastic code predicts explosive flutter.
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